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Vhen analyzing shells of complicated shape (reservoirs, boilers, etc.)
it often becomes necessary to break them up into several simpler parts.

In such cases the use of the complex representation [ 1] meets with
difficulties arising out of the necessity to separate the real and
imaginary parts when the solutions are coupled together.

In some special cases [1] complex combinations of the unknown
quantities were proposed so that it was possible to avoid these diffi-
culties.

In the present paper the complex coupling conditions of the general
form are derived as the natural boundary conditions of the proposed
variational problem,

The notion of a complex energy is introduced, and the minimum property
of its modulus is demonstrated.

The middle surface of the shell will be referred to the lines of
principal curvature (ai, az), and for the sake of brevity it will be
assumed that the region of the change of the coordinates of the middle
surface S is bounded by some arbitrary closed line of curvature, a, = a
= const, for example. It will be also assumed that Poisson’'s ratio p is

zero.,

0
1

Then, the generalized Hooke's law relates the forces and moments to

the displacements of the middle surface u, v, w 1in the well-known
fashion [11:

T, = Ehey (u, v, u), My = Ehey*{u,v,w,)
T? == Ehcﬁ (u" v, u) Mﬂ = Ehco’xg (R, ¥, W} (1’
S=Fhipw(@ v, w), H=Ehett, 2 v)

Generalizing the notion of the Lur’e-Goldenveizer functions [2, 3]
to the case of the non-homogeneous problem of shell theory, functions of
stress, a, b, ¢, will be introduced by the: following relations:
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Ty = T\* + Ehegxs (a, b, ¢), M, = M* — Ehes, (a, b, ¢)
Tg == 7‘1. -+ Ehcoxl (a. b, &), Mg - A’g. — Ehcot] (a, b, C) (2’
S = §% — Eheyt (a, b, ¢), H =H*4Eheo ’2—«) (g, b, ¢)

Here h = const is the shell thickness, co2 = 1/12 h?, while the de-
formations are expressed in terms of the displacements of the middle sur-
face by the following relations:

1 6u 1 84, w 1 08 1 84,

A G YAALM TR T A &t oA e Y
1 d» 1 84, W _1__& _1 6,4,
“F Lt A4 TR T A e, TAA, B 0

©; Wy (3
o= tw, T=ntRH=T+ g

where
p LW u ta 1 oA
- '__Al aa, + R, ! A1 Oa, ]Ag 6:2,
tow o L ow 1o
V=" 4o TR ' 9= A by Adsoa”

are the angles of rotation of the respective tangents to the coordinate

lines a, and a, around the directions shown in Fig. 1.,
1 ﬂ 1 84, 1 0% 1 _ 2Aa
T = .A] 611 - A]A«Z 3(12 5 Ty == AQ 8(12 - AlAz 6a1 ‘p

and 4,, 4,, Ry, R, are Lame’s constants and the principal radii of curva-
ture of the middle surface, respectively. A certain solution of the

equilibrium equations (a statically allowable set of functions) is chosen
as a set of functions (T,*, T,*, S*, M,*, M,*, H*). The following complex
combinations are called complex forces

v i
Ty =Ty ilhegty =Ty — — M,
Co

Ty %: Ty — iEhegy == T — cl—Ml (4)
0

§= 8+ ilheyt = S +— I
0

Fig. 1.

They satisfy the following system of equations on complex forces [11]:
84, Ty 1 3A2S 04y o
30, T A, 9ay B, I T )

iCu aAzTgv 1 64412$’V 8!33 v
i A T — aa I Ao
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a1 ) 1 04,28 a4, L
!”)az -‘42 8!1[ - 0ds L

icg [0ATL" 1 8A2S™ 34 ]
-]?-;[ 6(12 o A, da, - 0:12 Tg + H2 + ‘41A2q2 =0

T, T8 e 8 1 <6112T2' 1 9APSY 8A, TV)
Ry _{w 1{2 mAp"}g{@d[ Ay 8::1 - A aag o 8@, 1
8 1 /04 TP 1 8428° 84, .

=

+ 3 A\ Pay T A, Pa; oz It
where
. 13A;vi(_élv\ . 1 94y 8(/12\(\
IL=WLNEWMS~MMmSL’ IL”Wr“mams“wlms%

This system is equivalent to the aggregate of the sets of the equi-
librium and continuity equations of the middle surface. This can be
easily shown by separating the real and imaginary parts.

Complex displacements are introduced by the relations:

u¥=u-+tia, v¥ = v ib, w'=w -} ie G

When the complex combinations of the corresponding equations of systems
(1) and (2) are constructed, a relation between the complex forms and
displacements is obtained:

v . v vy v - i . vovov v
Tys=Ty —iEhegn; (w, v, w ), Tp= — e M, + Ehey (u, v, w )
. e e v v v i e v v v @
Ty =Ty — ibhegey (u, v, w ), Ty==— *EO—MI -+ Ehey (u, v, w ) )
v . v v v v VI S [ BN
= 8 -+ (Lheet(u, v, w ), :-_"E;*H -+ Liz?m(u, v, W)

Finally, eliminating from here the complex forces Tgv, ?;“, S~, a set
of equations on the complex displacements is obtained:

1 - { *
El\’—}—lCQK;: EE(TL +‘60— Ma)

i . i .
o5 e = g (1o 4 5 M) ®)

v

S —icgt = 7% (5 — {: 11‘>

If the general solution of the membrane theory (Tl*, T}*, 5*) is
chosen as the set of functions (T,*, T,* S* M,* M,*, H*) then sets (7)
and (8) will coincide with analogous sets proposed by Novozhilov.

Four complex quantities are to be associated with each point of the
boundary (a, = alo):



Variational principle of the complex theory of shells 323

v v v . A v iCo BAng" aAlaSw ?_/1!_ o
Ty, Tw =S —ico R Ny =4\ dar ° da;  om 1)

MY = ic TS (9

Separating out in the reduced complex expressions the real parts, the
following values are obtained:

H M
Tlv T12’=S+2}§‘2“ :T12+R—?
4 MM, | OAH 04, ) 1 My
Nl:A;Ag( 30, T2 50, —da M) =Mitur oy, 0 M

These, however, are the boundary forces generalized according to

Kirchhoff (see [1], p. 55).

The imaginary parts of the expressions in (9) are:

— Ehegr. Ehcgnsy” = Ehe ‘1‘———0-)—1
0¥z, 0¥21 0\ R
N 1 8A2e:2 i BAlo) 3A2 1 .
— b = — e = o (e~ Ty — am o)) Eheos:

In order to explain the geometric meaning of the quantities x,, K34s
¢, €, they shall be changed somewhat. Substituting into the third
relation the expressions for the deformations (3) one obtains with the
aid of the Codazzi-Gauss relations

9 1 60)2

G =5 g

=& t4 a,
Furthermore, r =7, + aa/Rz, ©= @, + @,; hence
s’ 0)2
a1 =’~'z~§;
Thus there are four quantities fixed at the neutral line:

9 1 dw [
g, %2, %0 = R + E@c?: y %y =T — 'Ez‘ (10)
It will be shown that the fixing of these quantities completely deter-
mines the deformation of an element of the boundary. Isolate for that
purpose an element of the boundary, connected with an element of the arc.

First of all it is clear that ¢, gives the relative elengation of the
neutral line, and x, gives its curvature in the plane of the diagram.

The curvature in the direction perpendicular to the plane of the dia-
gram will be found by determining it as the limit of the ratio of the
difference of the angles at two adjacent points, measured from the same
direction (e_), to the distance between them, i.e. by equating it to:



324 K.F., Chernykh

= lim @q" — 63y
Aa,¢0 AzAa2 (11)

From Fig. 2 it can be seen that
A Ad
0" = (w,+ m“f:— Aag) cos AB -+ (a + oy Aa,) sin A3
Because of the smallness of the angle AP

AgAag

cos A = 1, sinAB= Al =

and
Aw
oy" zm2+(Aa2+R )Aaz

Substituting the resulting relation into equation (11) one obtains

D Lo .
le__Rg +A2 aa2=c2
Thus the first three quantities determine deformations of an element

of the neutral line. Furthermore, [11,
o.lD) 3 + 2T, f o3
ol = PR~ ot 3 (m—F)
From this it is evident that the fourth quantity characterizes the
change of magnitude of the deflection angle w,, i.e. the twist of the
boundary element,

Fig. 2.

According to Kirchhoff’s kinematical hypothesis, however, the deforma-
tion of the boundary element can be determined by just four quantities.
Thus, the fixing of the imaginary parts of the complex expressions (9)
completely determines the deformation of the boundary element.

Assuming, as above, that the middle surface of the shell is bounded
by a closed line of curvature a, =a 0 = const.it will be shown that the
following variational equations can be postulated as the basis of the
theory of shells:
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SS {T1 3y + T9 8ez + S¥8a ™ -+ iegTs 3y -+ ieyTy 3y = iegS¥ 7%} Arddaydas —~
)
— S (T3 8" + Tiy'80" Ny "8w” My 89" } Ayday —
Oy w0y ®
— SS (030" + 30"+, 30"} Ay dydayday =0 (12)
§

In fact, integrating by parts the first integral, it can be easily
shown that the system of equations on complex forces (5), which is equi-
valent to the combination of the sets of equations of equilibrium and
continuity of the middle surface, will appear as the Euler equations for

(12).
Using relations {7), equation (12) can be changed to

W S (T7 8u” + Ti'80" + Ny 'Sw” + M;sa'} Agddty —

Fym- g

-3 S S {quu” + gav” + qnw'} Ay Agdaydag =0
8
Here the quantity

v

Eh . v v FEMAY
VY e T{S g {(Sf 4 gg P2 —2 {81 §g ~ ("2*} }} Ay Asdoydag
8
h? . .
+13 SS{ (e g ) —2 b — »1} AlAzda,dos,}}-{-
8
+ S S {‘” }%’Ms'%‘f — ";‘“" Mi'ey +“§;‘ H w"+icoT;xi' S icgTy g — ic.,2S’4r} Ay Ardayda,—
1 . .
" 2Eh {g 8{ (T; + Ty ) —2 ITI‘TS‘ — 5" } AyAqdadas -
]

12 - », * L Ll
+5 S S { (M 4+ M) — 2 (MM, —H 2}}A;Agda,da;}}
g
can be called by analogy the potential energy of the complex deformation,
(note that the quantities (7}‘. T,*, .., H*) are not being varied).

Of course, there are also other possible forms of complex variational
equations, reducing to one or another set of natural boundary conditions.
It should be noted that a peculiar minimum property of the potential
energy of the complex deformation is in effect,

Namely, the following takes place:

For the actual complex displacements, i.e. for u, v, w, which satisfy
the system of equations on complex displacements (8), the potential
energy of the complex deformation V approaches a minimum value {in modulus).

Actually, V can be written as follows:
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Eh AV R T N A
o= |l g (7 ) [ —iens 3 (' )] +
S

1 . i . . .. 1 . i .
o+ [ teon — g (1074 5 07 [ — teont o+ g (07— 5 )] +

oY I | . P\ e 1 . i .
+2[—2— ——icyT _E—E(S — *Z;’-H )] ["5‘ +-icgT +E;l‘<S + EH )]} Ay Apdayda,

From this it can be seen that for u”, v~, v>, which satisfy the set of
equations (8), V' = 0. This then proves the minimum property.

As a first application, the variational equation will be used to ob-
tain the complex coupling conditions along a line of curvature of two
shells of the same thickness.

Let two shells be coupled along line l. Assign the plus sign to all
quantities relating to the first shell, and the minus sign to all
quantities relating to the second shell, and take the following varia-
tional equation:

S %{T{*“Ss‘{*-{-Tﬁ'*Seé’ﬂ“{—S*Sm*"+icoT§+8xi'++icoTi'+8x§+—icdSv+81‘*" J A+ Aytdagtdat,—
S+

_ SS (qi*3ut” - ga*8ut” 4 g, *3uwt™} At Agtdayrdag* +
&+
+ S S{T{ '852""-{—’1’5‘852 v—+S v =3w A +i00T2 V- 8){1_ v —*—iCoT—lsxg_ M —“iCoS v “ST'V “}Al— —_
5

—Ayday~day— S S {q178us” + 23"+ ¢, 8w "} Ay~ Ag~day-day== 0
3=

This equation differs from equation (12) by the fact that here the
integrals along the boundaries of regions S and S~ (a* = a1+0, a,” =
al’o), corresponding to the line of elastic coupling [, are missing. As
above, integration by parts yields the particular Euler equations for
each region. Beside that, the following integral coupling conditions will
hold along the line of coupling:

{07+ Sut ™ - Tia 80+~ - Ny 43w+ My +88~~+"} Agrdas* +
e o 10
4+ S (T3 =8u~" 4 Ty +80=~ Ny =80~ My 788"~} Ayday= =0 (13)
o= o0
let A: and A: be the components of a complex displacement along any

two mutually perpendicular directions, lying in a plane that is perpendi-
cular to the tangent to [ (see Fig.3):
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dut = (e*, e.) SA; + (et ez)Ssz
S+ = (e, e,.7) SA; + (e he,) Ssz
Su- = (e:, e,) SA; =+ (er™, ez)Ssz
80— oy, 30+ (o 088
St = — 8~ ¥ = ¥~
39tY = — 39~ =39~

Substituting these relations into (13) and noting that A2+d a2+=

Az daz = ds2 one obtains .
- 4, w ll‘

(o —arma;+ @ — @ sa + @i — ¥

— Ta') 80+ (My* — M1-) 89} ds, =0

where
Q.= (er*, e,) Ti++ (e,*, e,) Ny '+
Q; 't = (ert,e,) Tt (e, ", e,) Ny '+
- Q; == (el_v ex) T]\.,_+ (en—‘ ex) va =
- Q; m= (el-’ ez) TI-+ (en_7 ez)Nl'_v

Fig. 3.
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By virtue of the arbitrariness.of the variations 547 A%, &v7, 80

the natural complex coupling conditions are obtained:
Myt =My~

vy

v Vg Ve Vi
Tt =T, M Q'

Q*=Q;"
The above statements are illustrated by the following example.

(14)

Two symmetrically loaded shells of revolution of equal thickness

coupled along a general parallel circle will be investigated. In this

case (see Fig. 4 and Ref. 1, p. 241), (in Figs. 3 and 4 the superscript

¥ has been omitted):

at =6, ay =—8, a2 = o, a =—9
At = Ryt = Ry* (6), Agt = (R, sin 8)* = r (9)
AT = Rl— = .R1+ (0), Az— = (.Rz sin 0)— =r (6)

Assuming that the shell does not undergo torsion, one obtains
pVt=v"V = T1v2+ = Tlvz.- =0

The relations (14) in the given case are written as
=0T Q=0T Mt =My

x

Here, as can be seen from Fig. 4:
ot =cos 0+T+ 4- sinO+Ny'+,
Q;* = —sin®+T+ 4 cos O*NH,

Q. T=1c0s0"T;" —sinb6-N—
Q7 = —sin0*T " —cos6-Ny' ™

(15)

(16)
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Note that here the quantity Q,%differs in sign from the one introduced
in [1]. From Fig. 4 one can also see that the real parts of A zv,

va' Q ¥ in this case are the horizontal and vertical dlsplacement,s and
forces, respectively,

Fig. 4.

To explain the statically-geometric meaning of conditions (15) obtain
from (3) and (10)

ucosf4-wsinh Ax cos 6
=" HK,sin0 . r ' 2= R,sinb
cos @ , ) sin 0
=7 % SW=g=73
From this
T1-lﬁ‘h€ncoses

. A
Nl—-»Nl—lE}lCo's-‘l—q—e‘a M1 M1+1Eh60-;:£

Substituting the first two of these relations into (16) one obtains
v . . 9
Q=Q, Q; = Q. —ilhe, T

M1 o Ml +lEhL‘0%—z

Inasmuch as h* = I~ = h, it can be easily seen from the relations
given above that the coupling conditions (14) are equivalent to the
requirement for the continuity of the five real quantities Q,, Q,, M,,
Ax, ¢ along the line of contact.

The value Qz usually is determined from the equilibrium condition of
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the shell as a whole. The second and third complex equations can be used
to determine the complex constants (solutions) without having to separate
them into real and imaginary parts.

The conditions Q :‘" =0, Mlv+ = MY~ were found previously by
matching.

Everything that was said here can be generalized without any particular
difficulties to the case of a Poisson’s ratio p other than zero and to
shells whose middle surfaces have boundaries that do not coincide with
lines of curvature.
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